2 Double Pendulum

Answer: assume m;=mp=m, 1;=1,=1
(a) 91 , 92.
(b) The center of mass of the first rod is at

! . /
(x1,y1) = (E sinf; , 2 cos0;)

The center of mass of the second rod is at

(X2,y2) = (IsinB; + é sinf, , —Zcos@l—é c0s0,)

Therefore the total potential energy is,

V=mg (y1+y2) = ngl(—3 cosf, —cos0,)

(¢c) From (b), we have,

(%, + 7)) Z(écosﬁlél , ésin@lél)

(%, + 7,)=(lcosB 0, +écos@292 , [sin® 0, +ésin82€iz)
Therefore, the kinetic energy of the center of mass is,

T, = 5(Xf+yf) + 3(x22+y§)

5 2

- %(%e'f) i +lze‘§ +17 cos(0, —0,)0,0,)
ml* 5., 1. W)

_ : (Zelz+zezz+cos(91—92)91ez)

There are also rotational energies. The sum is,



T = _9'2+ ]_262 _ m12612 n m12622 _ m12(612 +922)
2 1 2 2 24 24 A

2
(1= 1, = 2f " 2m & =

[
Therefore, the total kinetic energy is,
ml> 5 . 1. . ml*O+6})
T=5Lh+T, = 7(2912 +2922 +cos®, -0,)0,0,)+ #
_ 2mi*0} +m12622 +ml2 cos(®, —6,)0,6,
3 6 2
(d)
L(OIJGZaGI,GZ) =T-V
202 202 2 _ o)
- 2ml361 +ml662 e cos(612 9,)9,9, +m2gl(3cosﬁl+cos(92)

oL _ 4ml’6, N ml* cos(®, —0,)0,

0, 3 2
oL _  ml’sin@®,—6,),6, 3mglsin6,
0, 2 2
doL, oL
dt 00,” 08,

oL _ mi*e, N mil* cos®, —0,)9,
0., 3 2

oL _ ml’sin®, —6,)0,0, mglsin0,
0, 2 2




(¢) When 0, , 0, ~ 0, keeping only the linear order terms,

OL _ _3mglo, oL _ Ami*0, , ml’0,
06, 2 06, 3 2
i(a_;) _ oL N 4ml*0, N ml’0, _3mgle,
dr 00,” 0, 3 2 2
_ M6, 1B,  3g6,
30002 2
oL __ mely 0L mi*0,  mi’0,
00, 2 06, 3 2
doLy o mi*0, om0, __ mglf,
di 06, 06, 3 2 2
_ 16, 1B, _ g0,
302 27

(sinB;= 0, , sinB= 0, , cos(0- 6,) =1 , sin(0;- 6,) = 0)

Or,
816,+ 316, = —9g0, (1)

200,+ 306, = —3g0, (2)

To determine the normal modes, let us multiply (2) by o and add it onto (1),

(81 +3l0)0, + (3 +2[0)0, = —9g0, —3g0,a
For properly chosen a,, the coefficient ratio of 8, , 6, on LHS would equal to the coefficient ratio of 8,0,

on RHS.



8/+3la  —-9g - 8+3a 3

3+2la —3ga 3+20 «

= 302+20-9=0

1 247

L=t

- 3 3

o, >0 and a_ <0. The vibrational frequencies of the two normal modes would than be,

% de - |28
V@3, TV @®+30 )

(®.
. oL _ 4ml’6, . ml* cos®, —0,)9,
= o9, 3 2
, oL _ ml’6, . ml* cos®, —6,)9,
S

00, 3 2
We can solve for 0,,6, as

_ —12p, +18cos(6, -0,)p,
ml*[-16+9cos* (0, —0,)]

1

g6 — —48p, +18cos(@, —0,)p,
> mi*[-16+9cos*©, —0,)]

(g) H= 0,p, +0,p, - L

—6p; —24p; +18cos®, —0,)p, p, _3mglcosb; mgcosh,
ml*[-16+9cos*(®, —6,)] 2 2
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