22.51 Problem Set 9 (due Fri, Dec. 7)

1 Born’s Approximation

Question: Instead of using the heavier machinery of time-dependent perturbation theory,
the differential scattering cross-section do/dS) between neutron and a static potential field

V(x) can be derived by solving merely the steady-state Schrodinger’s equation.

(a). Suppose 1(x) is a solution to the one-body problem,

h*v? n2k?
(- V) = )

and it has the following asymptotic behavior at large |x]|,

where 6 is the angle between x and the incident wave-vector k. Show that,

do 9
o = 1P
(b). We may rewite (1) as,
2uV
(v 1) vt = 2 3
What are the general solutions {1y(x)} to,
(V2 + k) wo(x) = 0, x € R?,

and what is the Green’s function solution g(x) to,
(V2442 g(x) = 0(x).

(c). Given the scattering problem context, pick the general solution y(x), and write down

a formal “solution” to (3).

(d). Following the same procedure as in time-dependent perturbation theory, write down a



series expansion for the exact solution.
(e). Take the leading term and take the large |x| limit, derive f(€) in terms of V(x).

(f). Suppose,

v&)::-fﬁ?aax%

what is the total scattering cross-section and how should one then interpret a?

(g). Show by rigorous quantum mechanics the relationship between a and b, the free and

bound scattering lengths.
Answer:

(a). See Fig. 1. The incident beam e¢** does have finite width, which is enough to cover

the sample, but will not be received by the detector.
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Figure 1: The incident beam e™* does have finite width.

The particle flux formula is,

. Zh * *
J = “om (1/) Vi — Ve >7 (4)
since,
. Zh * *
-V-j = %V‘(w V¢—¢V¢)

h
= o (¥ -0V
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= Y+ gy



- 5 (5)
One could work out the scattered flux exactly, but that is not necessary because at large |x]|,
f(0)e™xl /x| behaves locally very much like a planewave e’X %, with,

|k[x
x| °

k' =

and amplitude f(0)/|x|. The reason is because since,

e e
V = ed, +—8 + —2—0,,
r rsind

the only O(r~!) term in (4) is from the radial derivative e,.d,. Thus, the scattered flux must
be,

2

/)

r

q)scattered

Y

(I)incident
compared to the incident flux because both are like planewaves. Therefore the number of

outgoing quanta per unit time in solid angle df2 is simply,

dN
E (I)scatteredds = (I)scattered'rzdf2 = (I)incident‘f(e)|2d97
therefore,

do 1 dN

w2 B 50
aQ (I)incident dQddt |f( )|

(b). The general solutions are planewaves e**, vk € {|k| = k}.

The Green’s functions g(x) are,
e:tik\x\

9(x) = _47T|X|'

However, the e~*Xl /|x| branch is not physically possible (mathematically speaking, it does

not satisfy the boundary condition) because it represents spherically incoming wave. One
can check that,

6ik|x\ etkr
(V2 +#?) = (r00%0.+ 1)
x| r

ikr ikr ikr

— 20907 (ike -5 ) + k2
T T T

) ) eikr
— T—Zar (’ik’l"@mr o ezkr> + k,Z
r



ikr

. . . e
— 7"_2 (ikezkr . kQ,r,ezkr o ikezkr) + k?2
r
= 0, r > 0. (6)
When r — 0, —ff:; ~ —ﬁ, which was previously shown to be the Green’s function to

V2g(x) = §(x) and has the same singular properties.

(c). Let us pick a particular planewave,

which is interpreted as the incident beam and a solution to (3) when V(x) = 0. Using the

Green’s function, the formal solution to (3) when V(x) # 0 can be simply written as,

ox [ g2V EU) e
- ikex / .
Vi) = e /dx h? 4rr|x — x/|
ik-x d /f/ ! 6ik‘x_XI| / 7
= [TV ), 7)
where,
~ H
\%4 = Vi(x
() = —5zV ()

is the reduced potential that has unit of length.

(d). The (7) solution for ¢ (x) is not directly usable because ¥ (x) itself is invoked in the
expression. But under the conditions that V(x) can be considered as small, one can use the

trick of iterative replacement,

N _~!
ezk|x x|

o 5 zk|x x| zk|x —x""| y
ezk-x +/dX/V( /dX//V // zkx + ...,

‘ x!' — x!" |

P(x) = e —|—/dx"~/(x’)

[x = x|

which is in effect an expansion in orders of V (x).

(e). The leading order term is,

) 5 iklx—x'| ,
Y(x) = e** 4 /dX’V(X') - X/|e’k'x :
In the limit of large |x|: |x| > [x/|,
! 12
oxl = -0 (M)
] ]



Let us define,

kK = ki,
]
then,
eik\xfx’| ~ eik|x\efik’-x’.
Also,
1 1 |x/|
—+0
2 = o (i)
Therefore,
e B 6zk|x|671k x/ s e 62'I€|x|
¢(X) ~ e k —+ /dX,V(X/>|}(|€ k = (& k -+ f<9)|7|,
with,

f(o) = /dx"N/(x’)eiQ'x/, Q=k-k.

In other words, f(6) is simply the spatial Fourier transform of V(x) in wavevector Q which

spans angle 6.

(f). Clearly V(x) = ad(x) and f(#) = a. Therefore the total scattering cross-section is 47a?.

In a one-body problem where,

7(x) = {oo, x| <a

0, |x|>a’

the quantum mechanical total scattering cross section turns out to be 4ma? in the long-
wavelength limit (as compared to ma? total scattering cross section in classical mechanics).

Therefore, a can be interpreted as the interaction cutoff distance between hard spheres.

(g). A two-body quantum mechanics problem,

+Vi(x1 — X2)> U(x1,x2) = E¥(x1,x%2),

(_ n’vi V3

le 2m2

can be transformed to,

CWPVE RV
2 oM



where,

X = XI_XQ, X = w, = M’ M = m1+m27
my + Mo my + me
SO,
] 5 h2K2
U(x,X) = KX E=E+——
(xX) = ()™, T
with,
h*v?2
(<552 + V60 v = Bulx)

The scattering cross-section is clearly 0 when V' = 0. Since,

21V (x)

(V2 + 1) (x) 2

w(x)7

the leading order perturbation to v (x) is also proportional to p. Therefore,

mN 2
Obound = 1+ mi Ofree
A

in the long wavelength limit and when the Born approximation is valid.

2 Contrast Variation

Question: A certain element E has two isotopes, E*' and E**. E* has spin 2%, E* has spin

3h. The scattering lengths are,
b =1 x107%cm, bgy =3 x 107 %cm, b, = —2 x 107 %em, bpu = —4 x 10™2cm,
where + and — means spin aligned and anti-aligned between incoming neutron and the

nucleus, respectively.

(a). What are the coherent and incoherent scattering lengths for E* and E*, suppose each

isotope appears in pure form, respectively?

(b). Suppose the natural abundance of E* is 80% and that of E** is 20%, calculate the

coherent and incoherent scattering lengths of pure natural E.
(c). Calculate the desired abundance of E* in order to have only incoherent scattering.

(d). There is simple mixing rule for bey. Is there for by,.? for b2 7 (e.g., if there is 80% E*

mc °



and 20% EY, is 02, _(E) = 0.8b?

mc mc

(pure E*) + 0.2b2

mc

(pure E*)?)
Answer:

(a). For pure E*!

2X242 2% 2
beoh = —— - = 1.8 Vbarn,
e T MRV IVE SHp ek 8 Vbarn
— 2% 242 2% 2
P = = —— 2 _x9 = 42b
ix2+2 Tixai2” at,
So,
bine = /b2 —b%, = 0.9798 Vbarn.
For pure E*,
2x34+2 2x3
beoh = ——— % (— —— " x(-4) = —2.8571 vbarn,
e S F Rt b v Rl arn
— 2x3+2 2x3
P = = —— " _x16 = 9.1429b
Ix3+2  "TIxs 2 ” at,
So,
bine = b2 =02, = 0.9899 Vbarn.
(b).
beoh = 0.8x1.840.2x (—2.8571) = 0.8686 vbarn.
2 = 0.8x42+02x9.1429 = 5.1886 barn,
SO,
bine = /02 —b%, = 2.1057 Vbarn.

(c). Let the abundance of E*' be x, then,
beon = o x 18+ (1 —x)x (—2.8571) = 0,

demands that £ = 0.6135.

2
inc*

bine, but if their b.,,’s are different, their mixed by, is going to be enhanced.

(d). There is no simple mixing rule for either b,. or b7, .. We can have isotopes of the same



3 Dynamic Structure Factor

Question:

(a). Calculate the thermally averaged self intermediate scattering function,
F(Qt) = (e X0,

and the self dynamic structure factor S5(Q,w) for ideal gas at temperature 7.

(b). Do the same for a single harmonic oscillator of frequency 2 at temperature 7.
Hint: Use the Baker-Hausdorff theorem.

Answer:
Let me do (b) first, and then by taking the 2 — 0 limit, we can obtain the ideal gas behavior.

(b). For 1D simple harmonic oscillator, we know that,

h
QMAQ

B(t) =

(a(t) +af(1), a(t)=ae™™, af(t)=ale™,

in the Heisenberg picture. Therefore,

h
QmAQ

) , h ih
~ AT oA —iQt ~T it _ . 2 _ :
[a—i—a ,ae +a'e } = 2mAQQZ sinQ)t = o sin Q.

[2(0), 2(t)] =

Since it is just a constant which commutes with any operator, we can use the Baker-Hausdorff

theorem,
.2
o 1Q(0) LiQE(t) exp (ZQ STy [(e—iQt —1)a+ (eiQt _ 1)&T] + ;fjj;) sin Qt)
. 2h R
= exp (;ﬁi g sin Qt) D(a(t)), (8)

where D(«(t)) is the displacement operator, with,

h ,
alt) = iQ m(emt—l).

We would like to calculate the thermal average (D(«)) using complete but non-orthogonal



coherent states basis. The following identities will be used.

D(a)D(3) = e2@" =D D(a+ 3).
() = ¥ -zlol+I8®)
[0l = 1

Now consider,
(lD(@)ln) = /d”/dﬁm77m<mmmm

Nz
2
_ /dV/dﬂlmmw<ﬁ”<wm> D))
2
_ /dg/dfe—gwuw )Wemﬁ*—a*mwajL@

2 2 *
_ /C”/Me—;(wwﬂ% (B)" sap—arp)r (@8- hhiP+Ha+o%) ()
m

n!
Since,
Z 67’?]27¥ = 1 7O = 1 s Z 67%7(5 PY) = eXp (6@6*7) = @dﬂ*’y7 d = 67’:];7071‘
n=0 l—e®mr  1—d 5 n!
we have,
2
D)=  (1—d / w L(92+812) 4487 o4 (08" —a* B)+7" k" A= (1 P+l +a" B+as")
T
2, 72
= (1- d)efé\aﬁ / MQ*I’YP*\ﬁ\2+dﬁ*'y+v*ﬂ+v*afa*ﬁ. (10)
T

The above is just a Gaussian integral in 4D. Let,

a = O‘r‘i‘iaya ﬁ = 6r+iﬂya Y= '7r+i'7ya

we have,

5*7 = (590 - iﬁy)(Vx + Z.fYy) = Bxfym + ﬁyf)/y + i(ﬁzf)/y - ﬁyfya:)a



’y*ﬁ - /chﬂz + ’Yyﬁy + i(%ﬁﬁy - Wyﬁz)'

Thus, inside the exponential, the function is,

1+d 1—d
0 =5 =5\ [
0 1 1;d __l%d ﬁ@
- x T ’ +
( Bo By Yo W ) % % 1 0 Yo
_12_id _1%1 0 1 Yy
Ba
(—a* —ia* « —za) g , (11)
Va
Ty
and since,
D/2 1
/dDX exp <—XTAX + bx) = Lexp (—4bTA1b> ,

\/det |A]

the integral is straightforward, but cumbersome. Therefore using Maple we get,

_do?
2l e 1 w2

2 1—-4d

dla|? a2 (14-d)

(D(a)) = (1—d)ezl = ealPemTr = e ema . (12)

> restart: int(int(int(
exp(- GX"2- GYA2- BX"2- BY?2+d* ( BX- | * BY) * ( GX+I * GY) +( GX- | * GY) * ( BX+] * BY)
+(GX-1*GY) *a-conj ugate(a) *(BX+l *BY) ), GX=-infinity..infinity), GY=-i
nfinity..infinity),BY=-infinity..infinity);
EIM4dZB><a—4dB><a—4;BXd+4;B><+4dZBx2—8dBx2+4Bx2+d2a2+2da;+;2E
d-1 (3/2)

e

\/—d+1 ,—csgn(d-1)=1

L oo , otherwise

> int(exp(l/4*(4*d"2*BX*a- 4*d*BX*a- 4*conj ugat e(a) *BX*d+4*conj ugat e( a
) * BX+4* d"2* BX"2- 8* d* BX"2+4* BX"2+d"2* a”2+2* d* a* conj ugat e( a) +conj uga
te(a)"2)/(d-1))*Pi "(3/2)/( d+1)~(1/2), BX=-infinity..infinity);

E:g
: it o
d+1 ngdldldl

00 otherwise

10



Thus,

<67iQ£(0)eiQiﬂ(t)>

iQh a(t)[*(1 + d)
pr— — Q S ——
P <2mAQS =g
iQ*h Q*h o i (1+d)
— Q _ (2 _ 1 A _ 1
exp <2mAQ sinft - o ol (e )2(1 )
Q*h it it ot —ion 1t d
— i o ) — (2 — ¢t o i - =
exp <4mAQ e e (2—e e )1 —
— e Q*h (1 —d)e™ — (1 —d)e™™ —2(1+d) + (1 + d)e™* + (1 + d)e =
4TTLAQ 1—-d
~ e Q*h 2e™ + 2de™™* — 2(1 + d)
4mAQ 1—-d
B Q2h (eiQt _ 1) + d(e—iﬂt _ 1)
=  exp <2mAQ - ) (13)

At low T, d ~ 0, so,

2 2 o0 2 n
~iQi(0) iQi(t)y _ QNh  iow n) - _Q°h 1/ Q% inQt
(e ¢ ) P <2mAQ (e >> b < 2m 482 Z n! \ 2msQ ©

and,

5.(Quw) = exp (— oh )il( Q2h> 5w — n9),

2m Q2 ) =i nl \ 2m4Q
so the neutron is only able to deposit energy in quantas of hf2.

AthlghT le—ﬁ,SO

(e —1)+d(e ™ —1) _ kgT
1—d 1Y)

<6iﬂt +odem ™ _q — d) :

and we will find that the neutron is able to both extract and deposit energy, with the
probability of the latter a little bit greater.

In 3D, we would have,

3 2 it —iQ;t
—iQ-£(0) zQ Z( th (6 = 1) + dl(e o 1)
: - Hew(gog )

where (2, Q,, Q. are the oscillator frequencies in three directions.

11



(a). Let us take the Q — 0 limit. Since,

(e — 1) + d(e”™ — 1) ksT (. 022 , 022
~ OB or 20 Lo —
o1 —d O iQt 5 +d(—i2t) —d 5
kgT [ RS2
B

kTt

= t—
i o

we have,

2 2
—iQui(0) Qi) _ QP (ksTt?
(e e ) exp ( i : it ).

> restart: sinplify(int(

t=-infinity..infinity));

(14)

exp(-Q2*hbar/ 2/ m(k*T*t 2/ hbar-1*t)-1*omega*t)/ 2/ Pi ,

2

E @1/8 (Q° hbaf2+2wm) E

= mQ“kT

le ‘/E 2

- > csgn(Q mkT)=1

] Q kT

=

— m
L O o0 otherwise
Thus, the dynamic structure factor of ideal gas is,

1 (\QIQh—QmAwV)
S(Q,w) = S,(Q,w) = X (— )
@) Q) V27 |QPks T /ma 8m.a|Q[*ksT

with the loss peaking at,
hlQJ?

2m,4'

Wy =

When T' = 0, it is a free standing particle, and,

S(Q,w) = 5<w—h‘Q‘2>.

QmA
o ) (K ) (K hQP?
iods " (k)S(Q’“’) =0 <k>5<”_ 2my )

12

So,




or,

o o (K . R%QJ?
YT <k>5<E_E_ 2ma )’

At this moment it is important to remember what the dependent variables are. Recall that
in the derivation, we are lastly down to counting d®k”® of the outgoing radiation, and it
is converted to spherical shell differential dE’dS). Therefore, the dependent variables are
direction € (cosf) and E’ which are just indices for counting k’. A common mistake is to

think that Q and w are somehow the dependent variables since S(Q,w) is ezpressed in them.
_ hQJ?

It is not so. For example, the partial integration in w of § (w B

) gives 1 if Q and w are
considered independent, but that is the wrong answer. The correct answer, when considering

the dependence of |Q|? on w for fixed cos 6, would give a factor different from 1.

n’1QJ” n’lk — K'|? k2 RAK)? R’k-K R R2K? B2kK cosd
- — — _|_ _ — + _ 7
2my 2mg 2ma 2my ma 2ma 2my ma
S0,
J <h2|Q|2> _ (ﬁgk’ B h%cos&) a
2my ma ma

and therefore,

2 2
/dE’(S (E—E’— Q| >
2mA

integration would give an extra factor,

R2K 710 ma k'

my dk o mpy k
2 2 2 - ’ :
h k’dk/ + (h kK h kcos@) Ak’ (mat+mn)k’ cos f
my ma ma myk

To get k' /k, we use,

B h2|k/|2 B h2|k|2 B hZ|Q|2 B h2|k’2 B h2|k _ k/’2 B h2|k|2 B h2|k|2 B hQ|k/|2 N h2k K

El
2my 2my 2m 4 2my 2m 4 2my  2ma 2ma ma

or,

malK|? = malk|* — mylk|? — my|K|? + 2my|k||K'| cosd,
and so,

(my +ma)k™ — 2my cos OK'k + (my — ma)k* =0,

thus,

K 2mNcos¢9:|:\/4m?\,00529—4(m]v+mA)(mN—mA)

E 2(my + may)

13



We take the + branch because k’/k should be positive, so,

K mNCOSG—i—\/m?VcosQé’—i—mi—m?v
% n my +ma ’
Therefore,
/ ma k' mA (ki)2
do _ <k> my k _ mn \ k
dQ) k 7(””‘;1’:’:’ K cosf 7(”‘%’;? W _ cosf
2
mb? mNCOSQ—I—\/m?Vcosze—kmi—m?\, (15)
\/m?\,00820+m?4—m%v my +ma '

> restart: m=2: M=5: evalf( int ( 2*Pi*((nFx + sqrt(m2*x"2 + M2
- m2)) / (m+ M)"2 * M/ sqgrt(m2*x"2 + M2 - m2), x =-1..1) -
4*Pi* (M (mM) "2) ;

0.
r>m=1: M=10.7: evalf( int ( 2*Pi*((nFx + sqgrt(mM2*x"2 + M2 -
m2)) / (m+ M)*2 * M/ sgrt(m2*x*2 + M2 - n2), x = -1..1) -
4*Pi* (M (mtM) *2) ;

0.
r>m=3.9: M=17.7: evalf( int ( 2*Pi*((nfx + sqrt(m2*x"2 + M2 -
m2)) / (m+ M)*2 * M/ sgrt(nm2*x"2 + M2 - m2), x =-1..1) -
4*Pi* (M (mtM ) "2) ;

0.

It has been verified numerically to give the following total cross-section,

2

! mab? myx + \/m?v.’EQ +m34 —m3
o = 27T/ dx
-1 \/m%vxz +m? —mb My + ma
2
()
my +mau
= Ama?, (16)

in agreement with the simpler derivations using Born’s approximation.
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